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PROJECTIVE BUNDLES OF SINGULAR PLANE CUBICS
STEFAN KEBEKUS
Abstrat. Classiation theory and the study of projetive varieties whih
are overed by rational urves of minimal degrees naturally leads to the study
of families of singular rational urves. Sine families of arbitrarily singular
urves are hard to handle, it has been shown in [Keb00℄ that there exists a
partial resolution of singularities whih transforms a bundle of possibly badly
singular urves into a bundle of nodal and uspidal plane ubis.
In ases whih are of interest for lassiation theory, the total spaes of
these bundles will learly be projetive. It is, however, generally false that
an arbitrary bundle of plane ubis is globally projetive. For that reason the
question of projetivity seems to be of interest, and the present work gives a
haraterization of the projetive bundles.
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1. Introdution
Let C be a smooth algebrai urve and pi : X → C be a morphism from a
(singular) algebrai variety to C. We assume that every ber of pi is isomorphi
to an irreduible and redued singular plane ubi. Omitting the word integral
for brevity, we all this setup a bundle of singular plane ubis. Although C an
always be overed by open subsets Uα suh that Xα := pi
−1(Uα) an be identied
with a family of ubi urves in P2 × Uα, it is generally not true that X an be
embedded into a P2-bundle over C. In fat, X even need not be projetive. The
aim of this paper is to haraterize those bundles whih are projetive.
This problem arises naturally in the study of projetive varieties whih are ov-
ered by a family of rational urves of minimal degrees: if we are given a projetive
variety V and a proper subvariety
H ⊂ Chow(V )
Date: Otober 27, 2018.
The author gratefully aknowledges support by a Forshungsstipendium of the Deutshe
Forshungsgemeinshaft.
1
2 STEFAN KEBEKUS
parameterizing a overing family of rational urves of minimal degree, the subfamily
HSing ⊂ H parameterizing singular rational urves is of greatest interest. It is
onjetured that dimHSing < dimV − 1. In our previous paper [Keb00℄ we gave
bounds on the dimension of HSing using the following line of argumentation. First,
we hose a general point x ∈ V , onsidered the subfamily HSingx ⊂ H
Sing
of singular
urves whih ontain x and onstruted a diagram as follows:
U˜
normalization
//
P1-bundle
**
U ′
nite morphism
//
bundle of singular
plane ubis

U
pi

H˜
nite over and
normalization
// HSingx
Where U ⊂ Chow(X) × X is the universal family and bers of pi are irreduible
and generially redued singular rational urves.
Seondly, we noted that the family U ′ omes from the universal family over
the Chow-variety and is therefore projetive. We were able to show that this is
possible only if the parameter spae HSingx is either nite or if it is 1-dimensional
and parameterizes both nodal and uspidal urves. The argumentation involved
an analysis of the intersetion of ertain divisors in U˜ . A omplete desription of
projetive bundles, whih is somewhat more deliate and not numerial in nature,
has not been given in [Keb00℄. In order to omplete the piture we disuss it here.
It is hoped that these results will be useful in the further study of rational urves
on projetive varieties.
Throughout the present paper we work over the eld C of omplex numbers and
use the standard language of algebrai geometry as introdued in [Har77℄.
Aknowledgement. The results of this paper were worked out while the author
enjoyed the hospitality of RIMS in Kyoto and KIAS in Seoul. The author is grateful
to Y. Miyaoka for the invitation to RIMS and to J.-M. Hwang for the invitation to
KIAS. He would also like to thank S. Helmke for a number of helpful disussions.
2. Ruled surfaes and elementary transformations
The main results of this paper haraterize projetive bundles of singular plane
ubis by desribing their normalizations, whih are ruled surfaes. Thus, before
stating the results in setion 3, it seems advisable to reall some elementary fats
about the normalization morphism and about elementary transformations between
ruled surfaes.
2.1. Redution to ruled surfaes. As a rst step in the redution of the har-
aterization problem, we note that to give a bundle of singular plane ubis over
a smooth urve C, it is equivalent to give a ruled surfae X˜ over C and a double
setion σ˜ ⊂ X˜. Indeed, if a bundle X of singular plane ubis is given, we know
from [Kol96, thm. II.2.8℄ that its normalization will be a P1-bundle. The sheme-
theoreti preimage of the (redued) singular lous will be a double setion. On the
other hand, if p˜i : X˜ → C is a P1-bundle ontaining a double setion σ˜, we an
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onstrut a diagram
X˜
γ
identiation
//
p˜i
P1-bundle

??
??
??
?
X
pi
bundle of singular
plane ubis
 



C
as follows. Find a over by open subsets Uα ⊂ C so that we an identify p˜i
−1(Uα) ∼=
P1 × Uα in a way that enables us to write
σ˜ ∩ p˜i−1(Uα) =
{
([y0 : y1], x) ∈ P1 × Uα | y
2
0 = g(x)y
2
1
}
where g ∈ O(Uα). The identiation morphism γα = γ|p˜i−1(Uα) is then loally given
as
γα : P1 × Uα → P2 × Uα
([y0 : y1], x) 7→
(
[y20y1 − g(x)y
3
1 : y
3
0 − g(x)y0y
2
1 : y
3
1)], x
)
An elementary alulation shows that the image of γα has the struture of a bundle
of singular plane ubis and that the loal morphisms γα glue together to give a
global one. More preisely, for a point µ ∈ C with ber Xµ := pi
−1(µ), the ber is
nodal if σ˜ intersets X˜µ := p˜i
−1(µ) in two distint points and uspidal if it intersets
in a double point. Note that the gluing morphisms do not in general ome from
automorphisms of P2. For that reason X˜ an in general not be embedded into a
P2-bundle over C.
2.2. Elementary transformations. The primary tool in the disussion of ruled
surfaes will be the elementary transformation whih is a birational map between
ruled surfaes. We refer to [Har77, V.5.7.1℄ for the denition and a brief disussion
of these maps and the assoiated terminology.
If pi : Y → C is a ruled surfae and (σi, Di)i=1...n is a olletion of setions
σi ⊂ Y and eetive divisors Di ∈ Div(C) suh that the supports |Di| are mutually
disjoint, we an indutively dene a birational map between ruled surfaes
elt(σi,Di)i=1...n : Y 99K Y˜
as follows. Choose an index j, hoose a losed point µ ∈ |Dj | and perform an
elementary transformation with enter pi−1(µ)∩σj . Replae the σi with their strit
transforms, replae Di with Di − δijµ, where δ is the Kroneker symbol, and start
anew until allDi are zero. It follows diretly from the onstrution of the elementary
transformation that the target variety Y˜ as well as the resulting birational map are
independent of the hoies made.
The inverse of an elementary transformation an again be written as an elemen-
tary transformation and the following lemma shows a way to write down the inverse
transformation loally. The proof is very elementary and therefore omitted here.
Lemma 2.1. Let pi : Y → C be a ruled surfae (C not neessarily ompat) and
let (σi)i=1...3 be setions. Let D1 ∈ Div(C) be an eetive divisor and onsider the
birational map elt(σ1,D1) : Y 99K Y˜ . If σ˜i ⊂ Y˜ are the strit transforms of the σi,
then the following holds:
1. If σ1, σ2 and σ3 are mutually disjoint, then D1 an be written as
D1 =
∑
p∈σ˜2∩σ˜3
multp(σ˜2, σ˜3) · p˜i(p)
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Here multp(σ˜2, σ˜3) denotes the loal intersetion number of σ˜2 and σ˜3 at p.
2. If σ1 and σ2 are disjoint, then the inverse map elt
−1
(σ1,D1)
: Y˜ 99K Y is given
as elt−1(σ1,D1) = elt(σ˜2,D1).
A repeated appliation of lemma 2.1.(2) allows us to write the inverse transfor-
mation in a more ompliated situation. Again we omit the proof.
Corollary 2.2. Let pi : Y → C be a ruled surfae and let (σi)i=1...n be setions
and Di ∈ Div(C) be eetive divisors with disjoint supports. Assume that for
every index i and every point µ ∈ |Di|, there exists a unique index j suh that
pi(Di ∩Dj) 6∋ µ. Consider the birational map elt(σi,Di)i=1...n : Y 99K Y˜ . If σ˜i ⊂ Y˜
are the strit transforms of the σi, and if we set
D˜i :=
∑
j 6=i, µ∈|Dj |\pi(σi∩σj)
multµ(Dj) · µ,
then the inverse map is given as elt−1(σi,Di)i=1...n = elt(σ˜i,D˜i)i=1...n .
3. Charaterization of projetive bundles
The following two theorems are the main results of this paper. Theorem 3.1 gives
a onstrution whih yields examples for projetive and non-projetive bundles
of singular plane ubis. Theorem 3.2 shows that after nite base hange, if
neessary all projetive bundles of singular plane ubis an be onstruted by
this method.
Theorem 3.1. Let C be a smooth urve, let n a positive integer, (Di)i=1...n ∈
Div(C) arbitrary disjoint eetive divisors and σ0, (σi)i=1...n and σ∞ arbitrary
distint bers of the projetion P1 × C → P1. Construt a bundle X of singular
plane ubis as follows.
P1 × C
elt(σi,Di)i=1...n
elementary
transformations
//_________
projetion
pi2

X˜
γ(σ˜0,σ˜∞)
identiation
//
p˜i

X
bundle of singular
plane ubis
pi

C C C
(3.1)
where γ(σ˜0,σ˜∞) is the identiation morphism desribed in setion 2.1. The bundle X
is projetive if and only if there exists a oordinate on P1 suh that σ0 = {[0 : 1]}×C,
σ∞ = {[1 : 0]} × C and σi = {[ξi : 1]} × C where the ξi are roots of unity.
Theorem 3.2. Let pi : X ′ → C′ be a projetive bundle of singular plane ubis
over a smooth urve C′ and assume that nodal urves our as bers. Then after
nite base hange, if neessary, X ′ an be onstruted by the method desribed
in theorem 3.1 above. More preisely, there exists a nite morphism τ : C →
C′ between smooth urves, there exist eetive divisors Di ∈ Div(C) and disjoint
setions σ0, σ∞ and (σi)i=1...n ⊂ P1 × C suh that X
′
an be onstruted in the
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following manner.
P1 × C
elt(σi,Di)i=1...n
elementary
transformations
//_________
projetion
pi2

X˜
γ(σ˜0,σ˜∞)
identiation
//
p˜i

X
pi

// X ′
bundle of singular
plane ubis
pi′

C C C
nite base hange
τ
// C′
(3.2)
Here X denotes the bered produt X := X ′ ×C′ C.
4. Projetive Bundles
The present setion is onerned with an investigation of the speial geometry
of projetive bundles of singular plane ubis. The results will later be used in
setions 5 and 6 to prove the main theorems. Throughout this setion we assume
that pi : X → C is a projetive bundle of singular plane ubis over a smooth urve
C and that L ∈ Pic(X) is an ample line bundle. Furthermore we assume that both
nodal and uspidal ubis our as bers of pi. In this setup deformation theory
tells us that the generi ber has a nodal singularity and that there are only nitely
many bers with usps.
Let η : X˜ → X be the normalization. By [Kol96, thm. II.2.8℄, the variety X˜ is a
P1-bundle over C.
4.1. L-osulating points. The restrition of the line bundle L to a ber with
nodal singularity denes a number of points whih we all L-osulating. More
preisely, we use the following denition.
Denition 4.1. Let CN be a nodal plane ubi, and H ∈ Pick(CN ) be a line
bundle of degree k > 0. We all a smooth point σ ∈ CNReg an H-osulating point
if O(kσ) ∼= H .
The following lemma shows how to alulate the H-osulating points on a given
urve in a partiularly simple situation.
Lemma 4.2. Let CN be a nodal plane ubi and p ∈ CNReg be a smooth point. Fix
an identiation ι : C∗ → CNReg suh that ι
−1(p) = 1 and set
(σi)i=1...k = {ι(ξ) | ξ
k = 1}.
Then σi are the osulating points for the line bundle O(kp). In partiular, there
exist exatly k osulating points for O(kp).
Proof. Reall from [Har77, Ex. II.6.7℄ that the map ι denes a group morphism
ι′ : C∗ → Pic0(CN )
t 7→ O(p− ι(t))
It follows that O(kp) ∼= O(kι(t)) if and only if O(p − ι(t))⊗k ∼= O, i.e. if ι′(t) is a
kth root of unity.
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4.2. The variety of L-osulating points. In the setup of this setion, the L-
osulating points on the nodal bers an be used to dene a global multi-setion
σ˜ ⊂ X˜. A detailed desription of σ˜ will be the key in our argumentation. For this,
it is important to note that the relative Piard group is loally divisible.
Proposition 4.3. Let k be the relative degree of the line bundle L, i.e. the inter-
setion number of L with a ber of pi. Pik a point µ ∈ C, x a unit disk ∆ ⊂ C
entered about µ and set X∆ := pi
−1(∆). Then, after shrinking ∆, if neessary,
there exists a line bundle L′ ∈ Pic(X∆) suh that kL
′ ∼= L|X∆ .
Proof. As a rst step, we will prove that H2(X∆,Z) ∼= Z. In order to see this,
reall from deformation theory that after shrinking ∆, if neessary X∆ is of
the form
X∆ ∼= {(x, [y0 : y1 : y2]) ∈ ∆× P2 | y2y
2
1 − y
3
0 − f(x)y
2
0y2}
where f is a funtion f ∈ O(∆). In partiular, if N ⊂ X∆ is the non-normal lous
and N˜ := η−1(N) its preimage in the normalization, then N = ∆ × {[0 : 0 : 1]}
is a unit dis and N˜ either a unit disk or a union of irreduible omponents whih
are eah isomorphi to ∆ and meet in a single point. In this setup, we may use the
Mayer-Vietoris sequene for redued ohomology to alulate:
. . .→ H1(N˜ ,Z)︸ ︷︷ ︸
=0
→ H2(X∆,Z)→ H
2(X˜∆,Z)︸ ︷︷ ︸
=Z
⊕H2(N,Z)︸ ︷︷ ︸
=0
→ . . .
See [BK82, prop. 3.A.7, p. 98℄ for more information about the sequene. Ste-
fan Helmke pointed out that H2(X∆,Z) ∼= Z an also be shown by deforming X∆
into a bundle of uspidal plane ubis where the laim is obvious.
Now hoose a setion s ⊂ X∆ whih is entirely supported on the smooth lous.
After shrinking ∆, this will always be possible. Consider the exponential sequene
. . . // H1(X∆,O)
α
// H1(X∆,O
∗)
β
// H2(X∆,Z) ∼= Z // . . .(4.1)
The element h := (L|X∆ − O(ks)) satises β(h) = 0 and is therefore ontained
in Pic0(X∆) = Image(α). Let h
′ ∈ α−1(h) be a preimage and note, that, sine
H1(X∆,O) is a C-vetor spae, we an nd an element h
′′ ∈ H1(X∆,O) suh that
h′ = k · h′′ . We may therefore nish by setting L′ := α(h′′)⊗O(s).
The divisibility of L implies that we an loally always nd a omponent of the
osulating lous whih is ontained in the smooth part XReg ⊂ X .
Corollary 4.4. Fix a point µ ∈ C. If ∆ ⊂ C is a suiently small unit disk about
µ, then there exists an L-osulating setion σ′1 ⊂ X∆ supported in the smooth lous
of X∆. More preisely, there exists a setion σ
′
1 ⊂ X∆,Reg suh that for all points
µ ∈ ∆ the ber Xµ := pi
−1(µ) is either uspidal or that the intersetion σ′1 ∩Xµ is
an L-osulating point of the ber Xµ.
Proof. Let L′ ∈ Pic(X∆) be a line bundle suh that kL
′ ∼= L; the existene of L′ is
guaranteed by proposition 4.3. Note that R0pi∗(L
′) is loally free of rank one. Thus,
after shrinking ∆ if neessary, a setion s ∈ H0(X∆, L
′) exists whose restrition to
any ber of pi is not identially zero. But sine the relative degree of L′ is one, the
restrition of s to a ber is a setion whih vanishes at exatly one smooth point of
the ber. This point must therefore be L-osulating. Thus, the divisor σ1 ∈ |L
′|X∆ |
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assoiated with the setion s ontains only smooth L-osulating points and maps
bijetively onto the base.
This already gives a omplete desription of the L-osulating lous in a neigh-
borhood of a nodal ber.
Lemma 4.5. Let C0 ⊂ C be the maximal (open) subset suh that all bers are
nodal plane ubis. If k is the degree of the restrition of L to a ber, then there
exists a k-fold unbranhed multisetion σ′ ⊂ X0Reg := pi
−1(C0) suh that the re-
strition to any ber σ′ ∩ Xη is exatly the set of the L-osulating points of that
ber.
Proof. Let µ ∈ C0 be any point and∆ ⊂ C0 a small unit disk entered about µ. The
preimage X∆ := pi
−1(∆) ⊂ X will then be isomorphi to CN ×∆. Let σ′1 ⊂ X∆,Reg
be the L-osulating setion whose existene is guaranteed by orollary 4.4 and nd
an isomorphism ι : ∆×C∗ → X∆,Reg suh that σ
′
1 = ι(∆×{1}). Apply lemma 4.2
to see that σ′ is then given as
σ = {ι(∆× {ξi}) | ξ
k
i = 1}.
Hene the laim.
Denition 4.6. Let C0 ⊂ C be the maximal subset suh that all bers are nodal
plane ubis. Let σ˜ ⊂ X˜ be the losure of η−1(σ′). We all the irreduible ompo-
nents (σ˜i)i=1...n ⊂ σ˜ the L-osulating (multi-)setions.
4.3. L-osulating points in the neighborhood of a usp. As a next step we
will nd oordinates on X˜∆ := p˜i
−1(∆) where the L-osulating multisetion σ˜ an
be written expliitly, even if X∆ ontains a uspidal ber.
Proposition 4.7. Assume that the preimage η−1(XSing) onsists of two distint
setions σ˜0 and σ˜∞ and assume further that the L-osulating multisetion σ˜ ⊂ X˜
deomposes into k irreduible omponents (σ˜i)i=1...k ⊂ X (whih are then setions
over C). If a point p ∈ σ˜0 ∩ σ˜∞ is given, then there is a unique index 1 ≤ j ≤ k
suh that p 6∈ σ˜j . All other omponents omponents σ˜a, σ˜b with a, b 6∈ {0, j,∞}
do ontain p . If m = multp(σ˜0, σ˜∞) is the loal intersetion multipliity of σ˜0 and
σ˜∞ at p, then
multp(σ˜a, σ˜b) = multp(σ˜a, σ˜0) = multp(σ˜a, σ˜∞) = m.
Proof. Choose a unit disk ∆ ⊂ C entered about µ := p˜i(p) and equip ∆ with a
oordinate x. Then Xµ := pi
−1(µ) is a uspidal urve. After shrinking ∆ we may
assume that µ is the only point in ∆ whose preimage is uspidal. By orollary 4.4,
we an nd an index j suh that p 6∈ σ˜j . Therefore we an hoose a bundle
oordinate on X˜∆ ∼= ∆× P1 so that we an write
σ˜0 = {([y1 : y2], x) ∈ P1 ×∆ | y1 = x
my2}
σ˜∞ = {([y1 : y2], x) ∈ P1 ×∆ | y1 = −x
my2}
σ˜j = {([y1 : y2], x) ∈ P1 ×∆ | y2 = 0}
for an integer m > 0. For a point ν ∈ ∆, ν 6= µ, the map η ◦ ιν with
ιν : C
∗ → p˜i−1(x)
t 7→ [νm(t+ 1) : (1− t)]
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parameterizes the smooth part of pi−1(µ). Apply lemma 4.2 with ι := η ◦ ιν and
write
σ = {([y1 : y2], x) ∈ P1 ×∆ | y1(ξ − 1) = x
my2(ξ + 1), ξ
k = 1}.
The laim follows.
The preise desription of proposition 4.7 immediately implies that a projetive
bundle an be transformed into a trivial bundle in a very simple manner.
Corollary 4.8. Under the assumptions of proposition 4.7 above, if we dene
D˜0 :=
∑
p∈σ˜0∩σ˜∞
multp(σ˜0, σ˜∞) · p˜i(p)
then elt(σ˜0,D˜0) : X 99K Xˆ denes a map to the trivial bundle Xˆ
∼= P1 × C. There
exists a oordinate on P1 suh that the strit transforms σ0, σ∞ and σi of σ˜0, σ˜∞
and σ˜i are of the form
σ0 = {[0, 1]} × C
σ∞ = {[1, 0]} × C
σi = {[ξi, 1]} × C
where the ξi are roots of unity.
Proof. It follows immediately from the onstrution of the elementary transforma-
tion that the intersetion number between the strit transforms of σ˜0 and σ˜∞ drops
exatly by one with eah transformation in the sequene elt(σ˜0,D˜0). In partiular,
the strit transforms σ0, σ∞ ⊂ Xˆ of σ˜0 and σ˜∞ are disjoint. Likewise, it follows
from proposition 4.7 that the strit transforms σi ⊂ Xˆ of the σ˜i are setions whih
are mutually disjoint and disjoint from both σ0 and σ∞. It follows that Xˆ must be
the trivial bundle Xˆ ∼= P1 × C and that σ0, σ∞ and σi are bers of the projetion
pi2 : Xˆ → P1.
It remains to nd the right oordinate on P1. To aomplish this, hoose a
general point µ ∈ C. The ber Xµ := pi
−1(µ) will then be a nodal urve and there
exists a point p ∈ Xµ suh that OXµ(kp)
∼= L|Xµ . It follows diretly from lemma 4.2
that we nd oordinates on X˜µ = η
−1(Xµ) suh that σ˜0 ∩ X˜µ orresponds to [0, 1],
σ˜∞ ∩ X˜µ orresponds to [1, 0], and the L-osulating points orrespond to [ξi : 1]
where ξi are roots of unity. Note that elt(σ˜0,D˜0) is isomorphi in a neighborhood
of X˜µ and use the oordinates on X˜µ to obtain a global bundle oordinate on
Xˆ ∼= P1 × C ∼= X˜µ × C. This oordinate will have the desired properties, and the
proof is nished.
5. Proof of theorem 3.2
Corollary 4.8 already ontains most arguments needed for the proof of theo-
rem 3.2. Until the end of this setion we use the notation of that theorem and
x an ample bundle L ∈ Pic(X ′). Let τ : C → C′ be a base hange morphism
whih ensures that η−1(XSing) onsists of two distint setion σ˜0 and σ˜∞, and that
the L-osulating multisetion σ˜ ⊂ X˜ deomposes into k irreduible omponents
(σ˜i)i=1...k ⊂ X where k is the (positive) degree of L if restrited to a pi-ber. Con-
sider the map elt(σ˜0,D˜0) : X 99K Xˆ
∼= P1 × C whih is dened in orollary 4.8 and
note that we are nished if we show that the inverse transformation elt−1
(σ˜0,D˜0)
is
of the form elt(σi,Di)i=1...n for eetive divisors Di ∈ Div(C) with disjoint supports
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(here the σi are dened as in orollary 4.8). This, however, follows diretly from
orollary 2.2. Atually, the orollary shows that
Di :=
∑
p∈σ˜0∩σ˜∞, σ˜i 6∋p
multp(σ˜0 ∩ σ˜∞) · p˜i(p),
yield the desired transformation. This ends the proof of theorem 3.2.
6. Proof of theorem 3.1
6.1. Suieny. To begin the proof, we assume that σi and Di are given as in
theorem 3.1 and that there exists a oordinate on P1 suh that the σi orrespond to
roots of unity. We will then show that the variety X is projetive. More preisely,
we x an index 1 ≤ i ≤ n and let σ˜i ⊂ X˜ be the strit transform of σi. We will
show that the image σ′i := γ(σ˜0,σ˜∞)(σ˜i) ⊂ X is a Q-Cartier divisor. Thus, a suitable
multiple of σ′i generates a relatively ample line bundle, and we are done.
If the onstrution of theorem 3.1 involves only three setions σ0, σ1 and σ∞,
then it is lear that the strit transform σ˜1 ⊂ X˜ of σ1 is disjoint from the strit
transforms σ˜0 and σ˜∞. Thus, the image σ
′
1 does not meet the singular lous XSing
of X and is therefore Cartier.
If the onstrution uses more than three setions and σ′i is not already Cartier,
let µ ∈ C be a point suh that σ′i meets the singular lous XSing over µ. By
onstrution, there exists a unique index j suh that µ ∈ |Dj |. It follows that the
strit transform σ˜j of σj does not interset σ˜0 or σ˜∞ over µ:
p˜i(σ˜0 ∩ σ˜j) 6∋ µ and p˜i(σ˜∞ ∩ σ˜j) 6∋ µ.
We an therefore nd a suitable unit dis ∆ ⊂ C entered about p and we an nd
oordinates x on ∆ and a bundle oordinate [y0 : y1] suh that we an write
σ˜0 = {([y0 : y1], x) ∈ P1 ×∆ | y0 = x
my1}
σ˜∞ = {([y0 : y1], x) ∈ P1 ×∆ | y0 = −x
my1}
σ˜j = {([y0 : y1], x) ∈ P1 ×∆ | y1 = 0}
An elementary alulation, using lemma 4.2 and the assumption that there exist
oordinates where σi and σj are of the form {Root of unity} × C shows that
σ˜i = {([y0 : y1], x) ∈ P1 ×∆ | y0 = −
ξ+1
ξ−1x
my1}
= {([y0 : y1], x) ∈ P1 ×∆ | y0(ξ − 1) + x
my1(ξ + 1)︸ ︷︷ ︸
=:f(x,y0,y1)
= 0}
where ξ is a root of unity. We x a number k suh that ξk = 1 and we will show
that σ′i|X∆ is a k-Cartier divisor, i.e. k · σ
′
i|X∆ is Cartier. Reall from setion 2.1
that the map γ is loally given as
γ∆ : ∆× C → ∆× C
2
(x, y0) 7→
(
x, y20 − x
2m, y0(y
2
0 − x
2m)
)
In partiular, the image of γ∆ is isomorphi to SpecR, where γ
#
∆(R) ⊂ k[x, y0] is
the subring generated by the onstants C, by x, by y20 and by the ideal (y
2
0 − x
2m);
see [Har77, defn. on p. 72℄ for the notion of γ
#
∆ . Thus, to show that γ(σ˜0,σ˜∞)(σ˜1)
is k-Cartier, it sues to show that f(x, y0, 1)
k ∈ γ#∆(R). We deompose f
k
as
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follows.
f(x, y0, 1)
k =
∑
i=0...k
(
k
i
)
(xm − y0)
i(xm + y0)
k−iξk−i
= (xm + y0)
k + (xm − y0)
k + (xm − y0)(x
m + y0)(rest)
=
∑
i=0...k
(
k
i
)
[xm(k−i)yi0 + x
m(k−i)(−y0)
i] + (xm − y0)(x
m + y0)(rest)
= 2 ·
∑
i=0...k, i even
(
k
i
)
xm(k−i)yi0
︸ ︷︷ ︸
=:A
− (y20 − x
2m)(rest)︸ ︷︷ ︸
=:B
It is lear eah summand of A is in γ
#
∆(R) beause it involves only even powers of
y0. Likewise, B ∈ γ
#
∆(R) as B is ontained in the ideal (y
2
0 − x
2m). It follows that
fk ∈ γ#∆(R), and we are done.
6.2. Neessity. It remains to show that the onditions spelled out in theorem 3.1
are also neessary. For this assume that X is projetive. We are nished if we an
show that this implies the existene of a oordinate on P1 suh that σ0, σ∞ and σi
orrespond to [0, 1], [1, 0] and [ξi, 1] for ertain roots of unity ξi. By orollary 4.8,
suh a oordinate an be found if the birational map elt(σ˜0,D˜0) : X 99K Xˆ whih
was dened in orollary 4.8 is the inverse of the map elt(σi,Di) : X 99K X˜ whih was
used in theorem 3.1 in order to onstrut the bundle X . This, however, is exatly
the statement of lemma 2.1.
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